Abstract-The method of connected local fields, CLF [1, 2] is becoming a viable numerical technique for obtaining solutions of the Helmholtz equation in complex media. In CLF the EM fields are expressed as collection of overlapping local fields called patches. In a 2D homogeneous medium we show that the local field in a given FD cell can be approximated by truncated FourierBessel series (FBS) and the FBS coefficients are related to the control points on the surface of the given patch. As part of the effort for extending CLF capability to modeling EM waves in inhomogeneous media, we report in this paper, two numerical techniques for obtaining 2D CLF-based compact frequencydomain stencils for EM fields and waves near a dielectric interface.
I. INTRODUCTION
Frequency-domain finite-difference (FD-FD) methods have been successfully applied to study 2D passive dielectric waveguide devices with high index contrast. Recently we have witnessed tremendous success in developing highly accurate, high-order compact FD-FD coefficients for both 2D [1, 2] and 3D case [3] . In 2010 we report of work on the method of connected local fields, CLF [4, 5] , which was closely related to the work of R. Hadley [6] who called it high-accuracy finite-difference equations.
This year extended 2D CLF to 3D and published the sixth-order accurate, CLF-based compact FD stencil "LFE6-27" for discretizing 3-D Helmholtz equation, [7] .
CLF works very well in a homogeneous medium as well as a slowly but continuously varying medium. For media with discrete jump of the material property, we need to modify the uniform CLF/LFE (local field expansion) stencils. Before we propose our approaches for the solution let us review how classical FD-FD methods and FD-TD methods handle the situation. From the CPU performance and memory requirement consideration most commercial software choose a stair-case approximation of the underlying structure. The coefficients near an interface are determined by the location of the grid (field location) even though its neighboring points may be located outside the material interface. Hence there exists an inconsistent issue in the stair-case approximation. Spurious numerical errors will emerge from around these grids. The situation is more critical for optical waveguide problems with large index contrast. A straight forward improvement is to adopt some kind's "material averaging" scheme. This is like the effective index approach in the field of dielectric waveguide modeling [8] [9] [10] . We considered and published a polarization-dependent material averaging method for our hybrid FD-FD method [11] . The advantage of the above method is that the modified FD-FD stencils remain compact. Other more elaborate methods of modifying FD coefficients near an interface by considering higher-order differencing scheme and changing to a local polar coordinate system etc, have been reported [12] [13] [14] .
These methods are more consistent with the physics and the results were also great except that non-compact stencils must be used for points near the discontinuity. The approach by FEM method relies on irregular basis function with higher resolution of sampling of the field near the material interfaces. Unlike the FEM method which is based on non-structure cell, the FD-FD method is based on structure grid. The linear equation for a standard FD-FD method with any compact stencil is block tridiagonal. The use of non-compact stencils increases the bandwidth of the matrix and hence increases the storage and computational requirement.
It is therefore highly desirable to have highly-accurate compact stencils for points near dielectric interfaces.
II. LCOAL PLANE WAVE EXPANSION (LPWE)
The 2-D homogeneous Helmholtz equation is given by Laplace operator, and 0 k denotes the wavenumber. In seeking a CLF/LFE-based compact stencil for points near dielectric interfaces we will first consider a plane horizontal interface for its simplicity. The situation is depicted in Figure1 showing the fundamental building block of a 2D CLF patch. Our first approach is based on local plane wave expansion. The local fields near a plane interface are to be approximated by incident plane waves from all directions. Each incident plane wave is accompanied by a transmitted and a reflected plane wave so that they automatically satisfy the phase matching condition as well as continuity of tangential electric and magnetic fields. The coefficients of these incident (plus reflected and transmitting) waves are determined from the surrounding eight fields on the fundamental square patch. The general form of a 2D compact FD-like stencil for the Helmholtz equation can be expressed as 
III. LCOAL FOURIER-BESSEL SERIES
On one of the special cases when the horizontal interface sits in the middle of the unit cell, we have second possible approach to this CLF/LFE-based compact stencil. This scenario is plotted in Fig. 2 showing the interface dividing equally the unit patch. We may represent the field in each region in its local cylindrical coordinate system. Two distinct finite Fourier Bessel series are required. Such an approach were also adopted in [3] . In addition, the two fields must satisfy the conciliations that both the tangential electric and magnetic fields must be "equal" along the region I-II interface.
However, the phase matching condition can not be strictly satisfied due two very different field representations in the polar coordinate system. Again taking the advantage of the even symmetry of the geometry, we have ( ) ( )
We also need to ensure that continuity of both tangential fields must be obeyed along the interface. Hence, additional equations similar to Eqs. 
IV. DISCUSSION
In carrying out numerical experiments with both formulations, we have discovered that the compact stencils vary quite a lot depending on the particular choice of the modeling parameters. Also, the final matrices from the Fourier-Bessel series method are highly singular. Such a fact was not reported in [3] perhaps due to a different choice of optimization procedure. We also noticed that for real indices, FBS approach always produces real stencils due to the fact that the FBS matrix equation is real. On the other hand, the outcomes of LPWE equations are not real but complex numbers with relatively small imaginary parts. We are still trying to find a good set of parameters so that the two approaches agree well with each other.
V. CONCLUSIONS
In this paper we present two set of formulation for deriving compact CLF/LFE-based stencils for points near a dielectric interface. The results for these compact stencils depend on the particular choice of modeling parameters, namely the set of LPWE incident angles and number of terms used in the LPWE/FBS expansions. We believe that these inhomogeneous compact stencils will make the 2D CLF method practical to model complex large-scale structures with more than one hundred wavelength in each dimension. However, there are still much work remainds to be done such as how to select optimized parameters and how to extend the cases with curved boundary. 
